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STAT 211 Quiz 3 Review Chapters 6,7,8 
 
Chapter 6: Continuous Random Variables  
 
Continuous Random Variable: a random variable that takes on infinite number of values  

Eg. Age, Height, Weight 
 
-A Continuous Random Variable, X has f(x), representing its probability density function (pdf) 
 
-The probability of a continuous random variable equalling a specific value is 0, we’re only 
interested in the probability that it falls within an interval 

Eg. f(a) = P(X=a) = 0, where a is a specific value 
 
-By definition of f(a) = 0, P(X < a) = P(X ≤ a)  
 
-The probability of of a continuous random variable between an interval is represented by the 
area under the curve 

Eg. P(a < x < b) = a∫
b f(x)dx 

 
-The total area under the curve must equal 1 

Eg. P(-∞ < x < ∞) = -∞∫
∞

f(x)dx = 1 

Eg. P(X ≤ x) =  -∞∫
x f(x)dx  

Cumulative Distribution Function: for the CDF, F(x), is used to represent the probability up to 
x 

 



 

 

Expectation of a continuous random variable: μ = E(x) = -∞∫
∞

xf(x)dx 

Variance of a continuous random variable: σ2 = Var(x) = -∞∫
∞

(x - μ)f(x)dx 
 
There are two special distributions of continuous random variables:  

1. Continuous Uniform Distribution 
2. Normal Distribution 

 
Let X be a Continuous Uniform Distribution between a and b, X ∿ Unif (a,b), the PDF of X is, 
F(x) = {1/(b-a), for a ≤ x ≤ b; 0, otherwise (every value between a and b are equally likely) 
 
Expectation of X: E(x) = (a+b) / 2  
Variance of X: Var(x) = 1/12 (b-a)2 

Eg. Probability between a and b are equal at P(x) = 1/(b-a) 

  
Eg. Let X be a random variable between 0 and 10 with equal probability. 

● F(x) = ? 
{1/(10-0), for 0 ≤ x ≤ 10; 0, otherwise 

● P(x > 50) = ?  
0 

● P(x < 4.5) = ?  
0.45 

● P(x > 1.5) = ?  
0.85 

● P(3 ≤ x ≤ 8) = ? 
0.50 

● What is the median? 



 

P(x ≤ median) = 0.5 
(median - 0) x 1/10 = 0.5 
Median = 5 

● What is the IQR? 
P(x ≤ Q1) = 0.25 
Q1 = 2.5 
P(x ≤ Q3) = 0.75 
Q3 = 7.5 
IQR = Q3 - Q1 = 7.5 - 2.5 = 5 

Normal Distribution N(μ, σ2) 
The probability distribution function is called the “normal density curve” 

 
Normal distribution is a symmetrical bell shaped distribution  
Expectation: E(x) = μ 
Standard Deviation: SD(x) = σ 
 
Recall the Empirical Rule, 68% is between 1 SD of the mean, 95% is between 2 SD of the 
mean, and 99.7% is between 3 SD of the mean 

 
The mean (μ) is the location parameter, if the variance is held constant, changing the mean will 
shift the distribution left and right (along the x-axis) 
The variance (σ2) is the scale parameter, if the expectation is held constant, changing the 
variance will cause the distribution to become wider or flatter 
 
Standard Normal Distribution Z~N(0,1), is a normal distribution with a mean of zero and 
variance of one 

The probability distribution function is   



 

 
Eg. For a standard normal distribution Z~N(0,1)   (Hint. Use the Empirical Rule) 

● P(Z ≤ 0)? 
=0.5 

● P(Z ≥ 0)? 
=0.5 

● P(-1 < Z ≤ 3)? 
=0.34 + 0.997/2 
=0.8385 

● P(-2 < Z ≤ -1)? 
=0.95/2 - 0.34 
=0.135 

 
The Standard Normal Table (found on Learn, provided on exams), records the cumulative 
distribution function of the area left of the observed value z 

 
Eg. Let Z follow a standard normal distribution 

● P(Z < 100)? 
=1 

● P(Z > 12)? 
=0 

● P(Z < 1.5)? 
=0.9332 

● P(Z > -1.5)? 
=1 - 0.0668 
=0.9332 

● P(-1.96 < Z < 1.96)? 
=(0.975-0.5) x 2 
=0.95 

● Find Q1 for the normal standard distribution  
(Hint. find the value of z that equals 0.25 on the table) 
P(Z ≤ Q1) = 0.25 
Q1 ≈ [-0.67 + (-0.68)]/2 
Q1 ≈ -0.675 

● Find the 95% percentile of the standard normal distribution 
(Hint. find the value of z that equals 0.95 on the table) 
P(Z ≤ z) = 0.95 
z ≈ (1.64 + 1.65)/2 
z ≈ 1.645 
 

If the distribution is not a standard normal distribution, we must standardize it: 

  



 

 
Eg. X~N(10,52)  

● P(X ≤ 15)? 
=P(Z ≤  (15 - μ)/σ) 
=P(Z ≤ 1) 
=0.8413 

 
Chapter 7: Sampling Distributions 
 

- The Sampling Distribution of the Sample Mean X~N( ; Z~N(0,1); Z= ;; )μ σ2
σ

X  − μ   
- The Central Limit Theorem 
- Most statistical inference is performed around the population average (μ), i.e. we 

want to try and better understand how a population behaves on average  
- However, as we previously discussed typically we don’t know what the population 

average (μ) is and so we are left using the sample average ( ) as an estimateX  
- In general, we use sample statistics to estimate population parameters  
- Understanding the distribution of the sample statistics will allow us to better judge the 

precision of our sample estimate, i.e. how close the value of  is to μX  
- The sample distribution of a statistic is the probability distribution of that statistic  
- Expanding on this we have that it is the probability distribution of the statistics if samples 

of the same size were to be repeatedly drawn from the population 
 
Section 7.2: The Sampling Distribution of the Sample Mean 
 

- Let’s now investigate the sampling distribution of the 
sample mean, X  

- To start, let us define its mean ( ) and its standardμx  
deviation ( )σx  

- Let  = X n

∑
n

i=1
x1

 
- E( ) = X μ   is an unbiased estimator of X μ  
- Var( ) = X n

σ2  
- In addition we find that if the distribution we are 

sampling from is normal, then the sampling 
distribution of  is also normalX   

- Let us use this information to solve for probabilities  
 
Example 
 
Suppose that 16 observations are randomly selected from a normally distributed population 
where =10 and = 625. n = 16; X~N( =10; ); X = a single observation;μ σ2 μ 625σ2 =    

a) What is the distribution of ?X   



 

X~N( =10; = ) | Z = = ; Recall standardisingμ n
σ2

16
625

( )n
√ σ
x − μ  

b) What is the P (  > 30)?X  
P (  > 30)X  
= P ( > ) … standardise( )σ

√n

x − μ  
√ 16

625
30  − 10   

= P (Z > 3.2) 
= 1 - P (Z 3.2)≤  
= 1 - 0.9995 
= 0.00007 

c) What is the P (0 <  < 20)?X  
P ( 0 < < 20)X  
= P(  <  < ) … standardise 

√ 16
625

0 − 10
( )σ

√n

x − μ  
√  16

625
20 − 10   

= P ( - 1.6 <  < 1.6)X  
= P ( Z < 1.6) - P ( Z < -1.6) 
= 0.9452 - 0.0548 
= 0.8904 

 
Example 
 
Assume that the price of games sold for the iPad is normally distributed with a mean of $3.48 
and a standard deviation of $2.23. X~N( =3.48; (2.23)2μ σ2 =   

a) What is the probability that the price of one randomly selected game lies between $3.50 
and $4.00? 
P ( 3.50 < X < 4.00) 
= P ( < < ) … standardise2.23

3.50 − 3.48
σ

x − μ
2.23

4 − 3.48   
= P (0.00897 < Z < 0.2332) 
= P(0.01 < Z < 0.23) = P(Z0.23) - P(Z < 0.01) 

b) If 40 games are randomly selected, what is the probability that the average price of these 
games lies between $3.50 and $4.00? = average price of 40 games; n = 40X  
P ( 3.50 < < 4.00)X  
= P ( < < ) … standardise

√40
2.23

3.50− 3.48
σ
√n

X− μ

√40
2.23

4.00 − 3.48   

= P (0.06 < Z < 1.47)  
= P ( Z < 1.47) - P (Z < 0.06) 

 
Section 7.3: The Central Limit Theorem 
 

- In section 7.2, we discussed that if the population from which we are sampling is 
normally distributed, then the sampling distribution of  will also be normal regardless ofX  
the sample size, i.e. for both large and small sample sizes  

- However, the central limit theorem tells us that for large sample sizes the sampling 
distribution of the sample mean will also always be approximately normal, regardless of 
the distribution from which we are sampling  

- Formally:  
Let X1, X2, ...,  Xn be n independent and identically distributed random variables from a  
population with mean  and standard deviation μ σ  



 

- Then provided that n is sufficiently large: X~N( ),μ n
σ2  

- Under most conditions sufficiently large is for n > 30 
 
Example 
 
Suppose that house prices in a very large city are known to have a mean of $389,000 and a 
standard deviation of $120,000. What is the probability that the mean price of 100 randomly 
selected houses is more than $400,000? X = price of a house; n=100; ~N( )...by CLT; X ;μ n

σ2 X
~N( )89, 00;3 0 100

(120,000)2

 
 
E(X) =  = 389,000μ  
Var(X) = = (120,000)2σ2  

P (  > 400,000)X  
 
P( > ) … standardiseσ

√n

X−μ

√100
120,000

400,000 − 389,000  

= P (Z > 0.92) 
= 1 - P(Z 0.92)≤   
= 1 - 0.8212 
= 0.1788 
 
Example 
 
A manufacturer of automobile batteries claims that the distribution of the lengths of life of its 
battery has a mean of 54 months and a standard deviation of 6 months. Recently, the 
manufacturer has received a rash of complaints from dissatisfied customers whose batteries 
have died earlier than expected. Suppose a consumer group decides to check the 
manufacturer’s claim by purchasing a sample of 5 of these batteries and subjecting them to 
tests that determine battery life. Assuming that the manufacturer’s claim is true, what is the 
probability that the consumer’s group sample has: X = lifetime of one battery; n = 50 
E(X) =  = 54; Var(X) = = 62μ σ2  

a) A mean life of 52 or fewer months? 
~N ( )X ;μ n

σ2  
~N(54; ) by CLTX 62

50  
P (   52) = P( ) … standardiseX ≤ σ

√n

X  − μ ≤ 6
√50

52 − 54  

= P (Z  -2.36)≤  
= 0.0091 
 

b) Between 52-56 months (inclusive)? 
P ( 52  56)X  ≤  ≤  
= P (  ) … standardise6

√50

52 − 54 Z ≤  ≤ 6
√50

56 − 54  

= P (-2.36  2.36)Z ≤  ≤  
= P ( 2.36) - P (Z -2.36) Z ≤ ≤  
= 0.9909 - 0.0091 
= 0.9818 

 



 

 
 
 

●  
 
Chapter 8: Confidence Intervals  
 

● Confidence Intervals for μ: 
○ When σ known 
○ When σ is unknown  

● Determining Sample size, n 
 

● Two main types of statistical inference procedures:  
○ Confidence Intervals and Hypothesis Tests  
○ We will start with Confidence intervals  

 
Confidence Intervals  

● Confidence Intervals are calculated using sample data and give us a range of plausible 
values of the parameter of interest 

● One way of expressing the uncertainty associated with a sample estimate when we use 
it as a estimate for the population parameter  

● All confidence intervals are based on a Level of Confidence: 
○  (1 - a)100% 

● This captures the probability the interval calculated will contain the true but 
unknown parameter and is typically set by the investigator i.e us 

● It is reflected in the confidence interval through the Critical Value  
 

● General Format:  
● For any parameter of interest a two-sided confidence interval is defined as:  

○ Sample Estimate ± Margin of Error  
● Expanding this further we have: 

○ Sample Estimate ± Critical Value x Standard Error  
 
Section 8.2: Interval Estimation of μ when σ is Known 
 

● A (1 - a)100% Confidence Interval for μ is given by: 
○  ± Margin of ErrorX   

 
● To calculate the Margin of Error we need to start by making a few assumptions:  

○ 1. The sample data must be a simple random sample from the population of 
interest 

○ 2. The population must be normally distributed  
 

● We also need to recall our findings from Chapter 7: 
○ X~N ( , )μ n

σ2
 

● From this we have that:  
○ Margin of Error = Critical value x Standard error  



 

○ = Z  x /2a √n
σ     

 
● Putting this altogether we have that a (1 - a)100% Confidence Interval for μ is given by:  

○  ± Z  x X /2a σ
√n  

 
● Some common confidence levels include: 
● A 90% Confidence level 
● A 95% Confidence level 
● A 99% Confidence level 

 
 

● EX: Solve for the Critical Value associated with a 90% confidence interval 

 
Our critical value: ∴ z= 1.645, -z = -1.645 
P(- z < Z < z) = 0.9 
P(Z < z) - P(Z < - z) = 0.9 
P( Z < z) - P(Z > z) = 0.9 
P( Z < z) - [ 1 - P(Z ≤ z) ] = 0.9 
2P( Z < z) = 1.9  
∴ P (Z < z) = 0.95 (0.9 + 0.05)  
  

 

 
● Similarly we find that:  
● For A 95% Confidence level, z0.025 = 1.96 



 

● For A 99% Confidence level, z0.005 = 2.576 
 
 
Example:  
The Organisation for Economic Co-operation and Development (OECD) surveyed 1000 
people at random in each of its member countries in 2011. They found that the number 
of hours worked by Canadians was 1699 hours per year on average, whereas for the 
average OECD country it was 1739. Assume that the population standard deviation for 
Canadians is 486 hours. Do Canadians work less?  
a). Create a 95% confidence interval for the population mean?  
b). Create a 99% confidence interval for the population mean?  
 
a). A 95% C.I for μ is given by  ± Z  x X /2a σ

√n  
=1699 ± (1.96) ( )486

√1000
 ± Z = ± Z/2x .05/20  

= [ 1668.88; 1729.2] = ± 1.96 
 
Width= 60.24  
∴ We are 95% confident that the true but unknown population mean, μ= average # of hours 
worked per year for Canadians, lies between 1668.88 and 1729.12 hours  
 
b).   ± Z  x X /2a σ

√n  
= 1699± ( 2575) ( ) = [1659.43; 1738.57]486

√1000
 

 
width= u- L = 79.14 
P(Z< z) = 0.99 + 0.005 

  = 0.995 
Z = 2.575 
 

 
● So how do we interpret these intervals?  

 
● A simple interpretation of a Confidence Interval is:  
● EX: We can be 95% confident that the true but unknown value of μ lies within the 

interval  
● A slightly more complicated interpretation: 
● In repeated sampling, 95% of the confidence intervals calculated using this method will 

contain μ 



 

 
 

● Let’s interpret the two intervals we found in our example:  
 
A 99% C.I for μ is given by [ 1659.43; 1738.57] 
∴ We are 99% confident that the true but unknown population mean, μ= average # of 
hours worked by Canadians per year, lies between 1659.43 and 1738.57 hours 
 
Example: 
A management consulting firm has installed a new computer- based billing system in a trucking 
company. To determine if this system is better than the old billing system the firm collects the 
payment times of 65 new payments. They find that the mean of the 65 payment times is 18.11 
and from previous knowledge it is known that σ= 4.2 
a). Create a 95% confidence interval for the mean payment times using the new system 
b). The mean payment time using the old billing system was approximately 39 days. Based on 
the interval found in (a) does the new system appear to be better? Explain.  
 
a). A 95% C.I for μ is given by:  

 ± Z  x X /2a σ
√n  

= 18.11 ± (1.96) ( )4.2
√ 65

= 18.11      σ= 4.2X  
= [ 17.09; 19.13] n= 65 
∴ We are 95% confident that the true but unknown average payment time for the new 
billing system lies between 17.09 and 19.12 days  
 
b). The 95% C.I in part a). Is entirely less than 39 days ∴  the new system does appear 
to be better as an average it allows us to collect our money quicker 
 
Size of a CI  

● General Format: Sample estimate ± Margin of error  
● Where the margin of error depends on the Confidence Level (( 1 - a) ) and the stadard 

error σ
√n  

● From this we can see that there are three things that can affect the size of a CI: 
1). (1 - a):  The confidence level 



 

2).  σ: standard deviation 
3). N: Sample size  
 

1. Confidence Level: 
● Suppose that a 95% CI for a population mean is (25, 35) 
● All else equal, if we increase out confidence level to 99%, what would happen to 

the interval?  
A).  Narrower 
B). Wider 
C). Can’t Determine 
D). Don’t Know  

    2. σ: 
● Suppose that a 95% CI for a population mean is (25, 35). 
● All else equal, if σ  decreases, what would happen to the interval?  

 
A). Narrower 
B). Wider 
C). Can’t Determine 
D). Don’t know  

  
    3. N ( Sample Size):  

●  Suppose that a 95% CI for a population mean for a random sample of 20 observations 
is (25,  35)  

● All else equal, if we decrease n, what would happen to the interval?  
 

A). Narrower 
B). Wider 
C). Can’t Determine 
D). Don’t know  
 

Section 8.3: Confidence Intervals for μ when σ is unknown 
 

● σ is Usually Unknown  
● So what now?? 
● Well in such a scenario we can ESTIMATE its value  

 
● Recall: The best estimate for σ (population standard deviation) is s (sample standard 

deviation)  
● How does this affect the CI formula for μ?  

 
t - Based CIs 

● When σ is unknown, we can construct CIs for μ based on the student’s t-distribution  
● We define a new continuous random variable on which our CI is based:  



 

 
● We find that the Student’s t distribution is similar to the standard normal distribution in 

that:  
○ It is symmetric about 0 and is bell-shaped  

 
However 

● It is more spread out (i.e has a larger standard deviation) 
● And the spread of the distribution is given by the number of degrees of freedom  

 
Degrees of Freedom (df)  

● For a sample of size n, df= n- 1 
● The various t-values can be found using probability tables  

 
● Note: As the degrees of freedom increase, the t curves approach the normal curve  

 
Reading the t-Table 



 

 
● To solve for Pr(T<t) you need  

○ Your critical value (t) and  
○ To know your degrees of freedom (df)  

1. Look up your df in the first column of the table  
2. Look for the intersection between your df and your critical value t. Where t is found 

WITHIN your table  
3. Follow up to the first row of the table which gives the probability P (T>t) and so P (T<t)= 

1-P (T>t)  
○ Find the Pr(T<0.92) if T has 5 dfs  

 

 

 



 

 
Finding the t-Critical value  

● Find t such that p= Pr(T<t): 
 

1. Look up your dfs in the first column 
2. Look up 1-p in the first row  
3. The t value within the table that intersects the row and columns is your critical value  

 
● Example: 

Df= 8 and p= 0.975 = pr (C<c). Then the critical value is:  

 
 

● Example:  
Df= 8 and p = 0.95 = Pr (-c<C<c). Then the critical value is:  

 



 

 
Confidence Interval for μ 

● Assume: μ is unknown and σ2 is UNKNOWN 
● Formula  

○ A 100(1-a)% CI for μ is given by:  

 
 

● Example:  
Find a 95% CI for μ when σ is UNKNOWN  

 
● Therefore a = 0.05 => = 0.0252

a  

 
● Note: the value of t0.025 depends on your sample size  

 
● Example:  

A random sample of 20 purchases at an Internet music site had a mean purchase amount 
$45.26, and a standard deviation of $20.67 
a). Construct a 90% confidence interval for the mean purchases of all customers 



 

b). How would the confidence interval change if you had assumed that the standard deviation 
was known to be $20  
 

a).  
b).  90% = (1-x)100% 
      x= 0.1 
      x/2= 0.05 

 



 

 

 
● Example:  

Hoping to lure more shoppers downtown, a city builds a new public parking garage in the central 
business district. The city plans to pay for the structure through parking fees. For a random 
sample of 44 week-days, daily fees collected averaged $126 with a standard deviation of $15. 
a). Find a 95% confidence interval for the mean daily income this parking garage will generate 
b). The consultant who advised the city on this project predicted that parking revenues wold 
average $128 per day. Based on your confidence interval, what do you think of the consultant’s 
prediction? Why?  
 



 

a).  
 
b). Notice that $128 is contained within out 95% C.I. Therefore can be a plausible value of μ. 
The consultant had a good prediction.  

 
Note: 

● So far we have been working under the assumption that our Population is Normally 
Distributed, but what if this is not the case?  

● The good news is that the t procedures discussed here are robust to many violations of 
the normality assumption, i,e they work well in a wide variety of situations 

 
Using the t-table:  

● Robustness of t procedures:  
● A confidence interval or hypothesis test is called robust if the confidence level or p-value 

does not change very much when conditions for use of the procedure are violated  
● Except in the case of small samples, the assumption that the data are a SRs from the 

population of interest is more important that the assumption of Normality 
 



 

● As a rough guideline we find:  
● Sample size less than 15: Use the t-table if the data appear close to Normal(symmetric, 

single peak, no outliers). If the data are skewed or if outliers are present, do not use t. 
● Sample size at least 15: The t-table can be used except in the presence of outliers or 

strong skewness 
● Large samples: the t-table can be used even for clearly skewed distributions when the 

sample is large, roungly n ≥ 40 
 
Section 8.4: Determining the Minimum Sample Size, n 

● Before performing an experiment a commonly asked question is: How large a sample is 
needed? 

● This is an important question to answer since as we have discussed the sample size will 
play an important role in the precision of your estimates 

● This precision is answered by deciding on what it is that you are trying to show  
● Are you trying to estimate μ to within some very small amount? 
● Or is it a rough estimate good enough for your purposes?  
● To help build our formula consider the scenario where we wish to estimate μ to within 

some specified amount m, with a certain level of confidence  
● This is the same as stating that we want the margin of error of the confidence interval for 

μ to be no more than an amount of m 
 
Recall:  

● A (1 - a)100% confidence interval for μ is given by:  
○ Estimate 土 Margin of Error 
○ Estimate 土 Critical Value x standard error  

● Rearranging this formula we have that:  

 
● Note this is the minimum sample size required when you are planning on drawing a 

simple random sample from population 
● This provides you with a guideline/ rough approximation to what is required  
● You may find that this value is not achievable due to time constraints, money limitations 

or it is simply not practical  
● Notice this formula makes use of the Z-table as it assumes that σ is known 
● As we have seen practically speaking σ is typically unknown and hence the formula 

should be:  

 
● However notice that for this formula to find the critical value we need to know n, which 

what we are trying to solve for  



 

● As such in sample size calculations the critical value will always come from the Z-table 
and the advice is to always round your sample size up to adjust for this  

 
● Hence to solve for n you need to:  
● Determine a desired ME=m 
● Know the Confidence level that you want to obtain 
● Solve for Sample Variance  

 
Example: 

● In a survey done of Black Friday shoppers, one question was “How many hours do you 
usually spend shopping on Black Friday?”  

● How many shoppers should be included in a sample designed to estimate the average 
number of hours spent shopping on Black Friday if you want the estimate to deviate no 
more than 0.5 hour from the true mean.  

● Assume you want 95% confidence and σ = 3 

 
 

 


